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Abstract. Let A4x,D{r, c, n) be the moduli spaces of torsion free sheaves on a com- 
plex smooth connected projective surface X, framed along a smooth connected genus 
zero curve D. This paper gives a 'geometrical' construction of an action of a Heisen- 
berg algebra on the homology of A4x, oir, c,n) (more precisely, on the direct sum 
®„ }lt{Mx,D{r, c, n))) using correspondences. This result generalizes Nakajima's con- 
struction for the Hilbert schemes of points. 



1. Introduction 

Let X be a complex smooth connected quasi-projective surface and Xt"! the Hilbert 
scheme of length n zero-dimensional subschemes of X. In [T7] Nakajima builds a rep- 
resentation of the Heisenberg-Clifford super-algebra on the direct sum of the homology 
groups ^n>o^* (^'"0' showing that the generating function of the Poincare polynomi- 
als, found by Gottsche and Soergel in [TTJ, coincides with the character formula of the 
representation. Nakajima's result gives a supporting evidence to the 'S-duality conjec- 
ture' proposed by Vafa and Witten in 



The Hilbert scheme X'-"' can be viewed as the moduli space of rank one sheaves over 
X with trivial determinant and second Chern class equals to n. Let X be a smooth 
projective surface; in [3j Baranovsky generalizes Nakajima's result to the moduli spaces 
Adx{r,L,n) of Gieseker-stable torsion free sheaves on X of rank r, determinant L and 
second Chern class n. 

Let D be a big and nef curve in X. In [S] Bruzzo and Markushevich built a fine 
moduli space TWx.dC'^; c, n) for torsion free sheves on X with invariants {r,c,n), framed 
along the divisor D. The Hilbert scheme of points {X \ can be viewed as the rank 
one case of this moduli space. 

Moreover moduli spaces of framed sheaves are studied because they provide a desingu- 
larization of the moduli spaces of ideal instantons, so their equivariant cohomology under 
suitable toric actions is relevant to the computation of partition functions in topological 
quantum field theory (e.g. see [TU], [1], [IS] and [7]). 

The aim of this work is to generalize Nakajima's construction to these moduli spaces: 
we explicitly construct Nakajima's operators on the direct sum of the homology groups 
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0„ H*(A^x,d('^> c, n)) and show that they satisfy the Heisenberg commutation relations 
and hence we get a representation of the Heisenberg algebra generated by Nakajima's 
operators on this space. 

Using this construction one can expect to generalize to higher rank case Carlsson and 
Okunkov result ([S]): they use Nakajima's operators for Hilbert schemes X^^^ to define a 
class of vertex operators, whose trace gives the Nekrasov's partition function in the case 
we have a toric action on X. This could be relevant to provide a mathematical motivation 
for the conjecture about a correspondence between the Nekrasov's partition function for 
super symmetric Yang-Mills topological field theories and the conformal blocks of a 2- 
dimensional conformal field theory (e.g. see [2]). 

The article is structured in the following way: in section 2 we introduce framed sheaves 
over a smooth connected projective surface and we outline how one can construct moduli 
spaces of these; in section 3 we construct the Nakajima operators, wich will lead us to 
the representation we are seeking; in section 4 we state and prove a generalization of 
Nakajima's theorem for the case of moduli spaces of framed sheaves, postponing to the 
last two sections a proof of the more technical propositions. 

Technical remark. In this paper we shall assume that the framing divisor D is a 
smooth connected genus zero curve and this forces X to be a rational surface; we assume 
this hypothesis because we need the moduli spaces of framed sheaves to be smooth 
varieties and for the technical lemma [25l A priori, one can replace this assumption 
by ^let X and D be such that the moduli spaces A4x,D{''',c,n) are smooth^ and one can 
construct the operators in the same way, but we do not know how to prove the Heisenberg 
commutator relations in this general case. Anyway the main explicit examples of framed 
sheaves and their moduli (e.g. see chapter 2 in [17], [1], [20]) satisfy our hypothesis. 

Conventions and notation. All schemes we are dealing with are of finite type over 
C, by 'variety' we mean a reduced separated scheme; a 'sheaf is always coherent. 

Acknowledgements. We would like to thank Ugo Bruzzo for suggesting us this prob- 
lem and for constant support. Thanks to Vladimir Baranovsky for useful remarks about 
his article and suggestions, Claudio Rava and Emanuele Macri for useful conversations. 

2. Framed Sheaves and their Moduli 

In this section we introduce the notion of framed sheaf and we give a construction of 
moduli spaces of these objects. 
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Generalities. Let X be a smooth connected projective surface. Fix a smooth connected 
curve D in X. 

Definition 1. A framed sheaf of rank r on X with framing divisor D is a pair £ = 
{E, (j)^) where E is a torsion free sheaf of rank r on X, (f)^ is a morphism (f)^ : E — > Off 
such that (P^\d is an isomorphism. If {E, cj)^) and (F, (j)^) are two framed sheaves of the 
same rank r, we define a morphism of framed sheaves as a morphism a : E ^ F such 
that for some A G C we have a commutative diagram 



(1) 



E 



O 



D 



Clearly the set of morphisms of framed sheaves is a linear subspace of the space of 
morphisms between the corresponding underlying sheaves. 

Now let {E, (f)^) be a framed sheaf of rank r on X. Because of the framing, the stalks 
at the points on the divisor D are free of rank r, so E is locally free in a neighborhood of 
D, hence in this neighborhood the sheaves E and i?^^ arc isomorphic. Thus we have a 
natural framing for Moreover the support of A is disjoint from D. In the following 

we denote by the framed sheaf {E'^^ ,4>^). Note that the inclusion of E in £'^^ 
induces a morphism between the corresponding framed sheaves. 

Construction of the moduli space. We now come to the construction of the moduli 

space of framed sheaves on a surface. 

Definition 2. Let be a scheme. A family of rank r framed sheaves parametrized by 
5 is a pair (G, ^*^) where G is a torsion free sheaf of rank r on X x S flat over S, (f)^ is 
a morphism cf)^ : G ^ P*xO'^ such that (jP\D ■ G\dxS — ^ P^Off^ is an isomorphism. 

Remark that a family of rank r framed sheaves over X parametrized by S with framing 
divisor D is in particular a rank r framed sheaf over the product X x S with framing 
divisor D x S. 

We say that two families Q and Q' of rank r framed sheaves over X parametrized by 
S are isomorphic if they are isomorphic as rank r framed sheaves over X x S. 

Now fix invariants r,n £ Z with r > and c € NS(Ar); we can define the functor 

M.x,D{r,c,n) : {Schemes)° — > (Sets) 

that associates to every scheme S the set of isomorphism classes of families {G, (fP) of 
rank r framed sheaves parametrized by S such that the fibres Gg have rank r and Chern 
classes c and n, while to every morphism of schemes f : T ^ S associates the pull-back 
/* that sends families parametrized by S in families parametrized by T. 
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Remark 3. A necessary condition for this functor to be nonempty is / c = 0, indeed in 



general / ci{E) = ci{E\d) and if E is trivial along D, then ci{E\o) = ci(0§^) = 0. 



In [S] Bruzzo and Markushevich give (in a more general setting) a proof of the repre- 
sentability of the functor A4x,Dif, c, n); using their result we have the following: 

Theorem 4. Let X be a smooth connected projective surface and D a smooth connected 
curve in X which is a big and nef divisor. Then there exists a quasi-projective separated 
scheme Mx,D{r, c, n) that represents the functor M.x,Dir, c, n). 

Note that Mx^nii", c, n) is a fine moduli space for framed sheaves on X with framing 
divisor D and topological invariants r, c and n. The adjective 'fine' means the existence 
of a universal framed sheaf £ = {E, c/)^), i.e. a family of framed sheaves parametrized by 
A4x,D{^,c,n) with the following universal property: for any family (Gjip^) of framed 
sheaves parametrized by S there exists a unique morphism g : S Aix,Dif,c,n) and 
an isomorphism a : G — > (id x g)*{E) such that (jP\D>^s = ((id x g)*4>^ ° a)|Dx5- 

From now on we suppose that D is a smooth connected curve in X that satisfies the 
following conditions: 

(a) D is a big and nef divisor, 



Remark 5. Since D is isomorphic to the complex projective line and it has positive self 
intersection, X is a rational connected surface, hence it is a rational surface. Moreover 
the arithmetic genera of D and X are zero and Hj(X, C) = for i = 1,3. 

From these conditions follows the lemma: 



Proof. Let / be a non trivial morphism in Hom(i?, F); since E\d and F\£) are trivial, 
/Id is a constant matrix, i.e. is an element of End(C''). 

Consider the complete linear system \D\ and let Y be its base locus: we can define a 
morphism tt : X \ Y ^ \D\ that associates to each point x of X \ y the hyperplane in 
\D\ consisting of those sections vanishing at x. 

Let V be the open set of divisor C G \D\ such that C is a smooth curve of genus 
zero. Let U be the set consisting on curves C (zV such that E\c and F\c are the trivial 
bundle. By lemma 2.3.1 in [14J and semicontinuity theorem U is open. We have that 
f\c is a constant matrix for all C E [/. So we get that / is a constant matrix in Tr^^{U), 



D 



(b) D^CF\ 



Lemma 6. Let {E,(j)^) and {F,cl)^) be framed sheaves on X. Then 

Rom{E,F) ^ End(C'"). 
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that is a dense open subset of X. Thus / is constant in the whole X and the thesis is 
proved. □ 

Now we want to study the local properties of the moduli space, in particular we want 
a description of its tangent space. We begin with a vanishing lemma: 

Lemma 7. Let [E, (j)^) be a framed sheaf on X with framing divisor D. Then 

(a) Rom{E,E{-D)) = 0, 

(b) Ext"^ {E,E{-D)) = 0. 

Proof, (a) Let / be a non trivial morphism in Tiom^E, E(—D)); since E\£) is trivial we 
have that 

Rom{E\D,E{-D)\D) = B^\D,nom{Off,0®^ ^Ox{-D))) ^R'{D,OD{-a)r' 

where a = D.D. Since D is a big and nef divisor, we get that a is positive, hence 
H°(D,OD(-a)) = and therefore / is zero along D. 

As before, consider the morphism vr : X \ Y — )• \D\. Let T be the set of divisor 
C E \D\ such that E\c is a semistable sheaf on C. Note that T ^ $ because D 
belongs to T and T is open in \D\ because semistability is an open property. Since 
p{E\c,m) > p{E{—D)\c,m) for all C G \D\, by proposition 1.2.7 in [13] we get that 
}iom{E\c, E{—D)\c) = for all C € T and therefore f\c = 0. So we can use the same 
argument of lemma [6] and therefore / is zero in the whole X. 

(b) Using Serre's duality we have 

Ext2(^, E{-D)) ^ Hom(^, E Ox{D) uxY ■ 

We have ojd = {'^x ® Ox{D))\d and degioo < by adjunction formula, so any element 
/ in Hom(i?, (8) Ox{D) ujx) is zero when restricted to D; in the same way, for all 
C G T we get degOx{Kx + D)\c < and using the same argument as before, the thesis 
follows. □ 

Thanks to this lemma and to theorem 4.3 in [5], we get 

Theorem 8. Let S = {E,(j)^) be a framed sheaf with invariants r,c and n. Then the 
Zariski tangent space at the corresponding point [£] of A4x,Dif,c,n) is 

T[s^Mx,Dir,c,n) ^Ext\E,E{-D)). 

Moreover A4x,Dif,c,n) is a smooth quasi-projective variety of dimension 

■2 



dime M.x,D{f, c, n) = 2rn — (r — 1) / 

Jx 

From now on we put h := — (r — 1) / (? . 

Jx 



c 

X 
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Remark 9. Note that there does not exist a general theorem about the nonemptiness of 
these moduh spaces. There are few known cases of nonempty moduh spaces of framed 
sheaves. The simplest case is given by r = 1, c = and n > 0: the moduli space 
A^x,d(1)0, n) is isomorphic to the Hilbert scheme of points where Xq = X \ D. 

This space is a smooth quasi-projective variety of dimension 2n. Another case is given 
by X = and D a line in (see for example [T7], chapter II); in this case one 
shows that A^p2 £)(r, c, n) is nonempty if and only if c = and n > 0. A recently 
known case is one on the Hirzebruch surfaces: let X = ¥p he the p-th Hirzebruch 
surface and D be the 'line at infinity', let c = aE, where a€Z, 0<o<r — 1, 
and E the only curve in Fp with negative self-intersection, in |20] Rava proves that 
the moduli space A4fp^D{r,c,n) is nonempty if and only if the number n + %r-po^ 
is an integer and n + ^pa{a — 1) > 0. Moreover he proves that when equality holds, 
A^Fi,d('^, c, n) = Grass{a,r) and A4rp^D{r,c,n) = T{Grass{a,r))®^P~^^ for p > 1, where 
Grass{a,r) is the Grassmannian of a-planes inside C. 

In the following we assume that X, D, r, c, n are such that the moduli space Mx,D{f, c, n) 
is nonempty. 

Tangent bundle of Mx,D{T,c,n). First of all we want to define the Kodaira- Spencer 
map for framed sheaves in terms of cocycles. Let S be a scheme. 

Let ps and px be the projections from Y = X x S to S and X respectively. Consider 
a family (G, (j)'-') of framed sheaves parametrized by S. Let G' be a finite locally free 
resolution G' ^ G. 

Following chapter 10 in [13], we can define the Atiyah class A{G*) in terms of con- 
nections: let pi,p2 : Y X Y ^ Y he the projections to the two factors. Let I he the 
ideal sheaf of the diagonal A C 1^ x y and let O2A denote the structure sheaf of the first 
infinitesimal neighbourhood of A. 

Choose an open affine covering U = {Ui\i € /} such that the restriction of the sequence 

O^G^^Qy ^ iPi)MG'' ^ O2A) ^G" ^0 

to Ui splits for all q and i. Thus there are local connections V? : G"^|c/,; — )• G"^ (8) 0,Y\ui- 
Note that the difference of two local connections is an Oy-linear map. Define cochains 
a' € C\nom^{G',G' (^nY),U) and a" £ G^ {nom^G' , G' ® Qy) M) as follows: 

>q yyl I Y7'? I 

= dG.ov,^-vfiodG., 

where da* is the differential of the complex G*. The element a = a' + a" is a cocycle 
in the total complex associated to the double complex G*{7iom*{G' , G' ® ^y)M)- The 
cohomology class of a in Ext-^(G*, G* ® ^y) is the Atiyah class A{G') of the sheaf G. 
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Now, we want to care about the morphism (j)^ . The connecting morphism e : ^ G 
induces a cohomology class [e idf^y] in Ext'^(G* (8 ^y,G (E* f^y) and therefore [a] := 
A{G*) (8> [e idn^] is a cohomology class in Ext^(G*, G ® f^y), where ® is the Yoneda 
product for Ext-groups of complexes of sheaves. 

Since HowP{G\G®nY) = nom{G° , G ^ Qy) and Horn'' {G* , G ^y) = forn > 0, 
we have that a is an element in 

C\nom{G^,G®ny)) C C\nom^{G',G^ny'^^'^ p*xOff ^ny)). 
We define morphisms Vj : [/.—>• (G (8) ^^y)|c/i as compositions 

^ (c" ® ny)\u, ^ {G ® ny)\u, 

and morphisms 0j : — ^ iPx^f)' ® ^.s compositions 

G\, A (G ® Oy)|f;, (p3,0®'- ® J^y)|c;, 

hence we obtain a cochain ^ G C^{T-iom}{G' ,G r2y ''^-^'^ Px^B'' ^ ^y))- 

^i^ce (t)i,,\u,,,,-,-<t>h\ui^i^ = ((<?^'^o£)<S)idny)|[/i^ijOQ;^o.^, wehavethat ^(0,0"^) := 
defines an element of 

Extl(G', G ® ny "^^"^ O®'^ ny) = Ext^G, G J^y ^^"^ p*xO®^ ® J^y). 

If we consider the induced section of ^4(0, 0"^) under the global-to-local map 

Extl(G, G^ny '^^'^ p*xOf,'' ® ny) ^ H0(5, <?x4^(G, G i^y '^3'^ O®'' ® J^y)) 

where £xt^^^ is the first right derived functor of {ps)* ° T-Lom, then the direct sum de- 
composition ily = ® p^^x leads to an analogous decomposition A{G,(fP) = 
A{G, (j)^)' + A{G, (f)^)". The Kodaira- Spencer map associated to {G,(p ) is 

KS : J^^®fa;t^^(G,G0pJO5 '^3%^0®'■®pJ^^5) ^ ^^^^(G, G ^ p^O®'') 

Remark 10. It is easy to prove that the complex G ^ p*xO^' is quasi-isomorphic to 
G®p^Ox(-I)), hence £xtl^{G,G p*xO®') ^ £xtl^{G,G ® p*xOx{-D)). 

Now we are able to give the following characterization of the tangent bundle of 
Mx,D{r, c, n). 

Theorem 11. Let {E,(f)^) be the universal family of Mx,D{r,c,n) and let p be the 

projection from J^x,Dir,c,n) x X to M.x,Dif,c,n). The Kodaira- Spencer map for 
A4x,D {r, c, n) induces a canonical isomorphism 

TM^Mr,c,n)=£^tl{E,E^p*xOi-D)). 
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Proof. To prove this theorem, we can use a similar argument of theorem 10.2.1 in |13]: 
by lemma [7] we get that the sheaf £xtp{E,E p*-^0{—D)) commutes with base change 
and £xtp{E,E p'^0{—D)) is locally free. 

Moreover, by example 10.1.9 in [13] we get that the Kodaira-Spencer map is an iso- 
morphism on the fibres. □ 



Donaldson-Uhlenbeck partial compact ificat ion. Let 7W^£)(r, c, n) be the open 
subset in Aix,D{f-,c,n) consisting of framed sheaves {F,(f)^) with F locally free. 

Now remember that each framed sheaf £ = {E, cf)^) has a natural inclusion in £'^^ = 
{E'^'^,(j)^) and the quotient ^'^'/e is a zero-dimensional sheaf whose support is disjoint 
from D. In this way to any framed sheaf £ with invariants r,c,n we can associate the 
pair {£'^'^ , ai[xi]) where Xi are the points of the support of the quotient and aj is the 
length of the quotient at Xi] remark that if C2{E'^'^) = s then length(^''^/£;) = n — s, 
hence Y - aiXi is an element of the (n — s)-th symmetric product S^~^X and is an 
element of 7V4^^(r, c, s). 

This association gives a map 

n 

(2) vr, : Mx,D (r, c, n) Mx^c, n) := ]J (r, c, s) x S^-'X; 

s=0 

in [6] the right hand side space is given a structure of scheme (similar to the Donaldson- 
Uhlenbeck partial compactification of instantons) such that the map tTj. is a projective 
morphism. 

Now we are going to study the fibers of this map, that will be useful later on: let p = 
((G, 0'^), mj[xj\) be a point in A1^^(r, c, s) x the fiber 7r~-'^(p) parametrizes 

framed sheaves {E,(p^) such that £^^^ = G, the framing (j)^ is just the composition of 
the injection in the double dual with (and hence is fixed if we fix Q and E) and 
the quotient A = g/e is supported at Xj, with length over Xj equal to rrij. We can 
decompose A = ^ Aj as sum of skyscraper sheaves supported at Xj of length rrij; each 
of this Aj may be seen as an Artin quotient of the trivial sheaf supported only at 
Xj and of length nij, hence the possible choice of Aj are parametrized by the scheme 
Quotxj{r,mj); these schemes have been studied in the appendix of [3], we recall the 
following result: 

Proposition 12. Let X be a smooth projective surface, x X a point and r,d a pair 
of positive integers. Then the scheme Quotx{r,d) parametrizing Artin quotients of the 
trivial sheaf supported at x of length d is irreducible of dimension rd — 1. 



We get corollary the following: 
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Corollary 13. Let p = Ej=i "^iN]) a point of Mx%{r,c,s) x S'^-'X. Then 
7r~^(p) is isomorphic to the scheme Y[j Quotxj{r,mj) as an irreducible closed suhscheme 
of Mx,d{^, c, n) of dimension ^j{rmj — 1) = r{n — s) — I. 

3. NAKAJIMA operators on moduli spaces of FRAMED SHEAVES 

From now on we fix the rank r and the first Chern class c and we consider the moduli 
spaces J^x,Di'i~,c,n) all together by varying the second Chern class n. To emphasize 
this fact in the following we denote by ^A^jr^J^{n) the moduli space M.x,Dir,c,n) as if 
we consider n a variable and r, c constants. 

Let H,(Al^'^^(n)) be the homology group of A^^'^^(n) with complex coefficients. 
Denote by EI(X) the direct sum 0^ H,(A^^'^^(n)) of all the homology groups of all the 
moduli spaces Ai^-^^j-){n). 

In this section for any i G Z and a € H,{X) we define operators 

Pa[i] : M{X) m{X) 

that we shall call Nakajima operators and in the following section we prove that they sat- 
isfy the Heisenberg commutator relations: in this way we define an action of a Heisenberg 
algebra associated to H,(X) on the space E[(X) in a geometric way. 

First for any i,n G Z and a € H,[X) we are going to construct operators 

as correspondence for a suitable subvariety of Ai^j^j~i{n — i) x 7W^^^(n). Moreover, for 
technical reasons due to the non-projectivity of the moduli spaces M.''-^j^{n) we have to 
use the Borel-Moore homology groups of our moduli spaces (for technical details about 
Borel- Moore homology we refer to Appendix B in [9]). 

Now we recall briefly the construction of correspondences. Let Mi, M2 be two oriented 
manifolds of dimension di,d2 respectively and Z C Mi x M2 an oriented submanifold 
such that the projection p2 : Z ^ M2 is a proper map. We denote by H^j" (Ma) the 
Borel-Moore homology group of Ma for a = 1,2. 



We can define operators 



V ' — > P2*{PiV [z]) 



and for any a G (Z) 

where the R-product is the one on Borel-Moore homology. 
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Moreover, using the fact that the singular homology group of Ma is the direct limit 
of the Borel-Moorc homology group of Ma with respect to the compact subsets of Ma 
(for a = 1,2), one defines operators between the singular homology groups (that we call 
correspondence) 

jz : H,(M2) iij+dim(z)-d2{Mi) 

and for any a G ili^ (Z) 

Ja ■■ Hj(M2) H^+deg(a)-d2(Mi). 

Now we want to study the composition of two such homomorphism: if Mi, M2, M3 are 
three oriented manifolds and Z C Mi x M2, W C M2 x M3 two oriented submanifolds 

such that the projections Z M2, W — )■ M3 are proper maps, we have the composition 
of the correspondences 7^ o 7^ : H,(M3) —?■ H,(Mi): these turn out to be equal to the 
correspondence defined by the subvaricty A C Mi x M3, 

where Pab are the projections Mi x M2 x M3 — M^ x M^. 

If we have a G H,(Z) and /3 G H,(H^), the composition of the correspondences 7^3 and 
7q. is given by the correspondence induced by the class e G H,(A) defined by 

e = Pi3*(Pi2"np23^). 

Now consider the moduli spaces A^^^^(n); let n, i G Z, i > and consider the closed 
subvariety C M'^jj{n) x M^xoi''^ + i) x X defined by 



{£i,£2, x) G X ■M'xM^ + i)xX 



- CVV CVV 

• c-l — 02 , 

• £2Q£i, 

• SUpp (-^i/i^a) = {x}. 



We want to define corrispondences using the fundalmental class of Through 
direct computations one can prove that the dimension of the closed subvariety P"'[i] is 
2rn + 6 + r + 1. 

Note that if vr : M"'^ j^{n) x M'^xoi^ + i) x X M"'^ j^{n) x M"^ j^{n + i) is the 
projection, then the restriction 7r|p«[j] is a proper injective map and therefore 7r(P"'[i]) 
is a closed subvariety. 

Thus for any a G H,(X) we have a Borel- Moore homology class -P^ [i] G Y^J {'K{P^[i])) 
defined by 

p-[i]=vr.(r*an[P"[.]]) 

where r : M^xD^''^) ^ ■^^xoi''^ + i) x X ^ X is the projection on the surface. (With 
the previous notation: P^[i] = 7pn[j](Q;)). 
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Since the restriction to 7r(P"[z]) of the projection from A^^'^^(n) x M^-^j^[n + i) to 
M^-^jj{n + z) is a proper map, the class [«] induces a correspondence operator 

P2[i\ : iij{M'x%in + i)) H,+deg(a)-2„-2(-Mx':D(^)) 
(With the previous notation this would be 7pn[j]). 

In a similar way we can define for i € Z, i > closed subvarieties 

as before exchanging the roles of £i and £2] these subvarieties have dimension 2rn + 
b — ri + 1. We can repeat the previous construction and for any /3 G H,(X) we get the 
operator 

For i = we set -Pq [0] equal to the identity map for any n ^'L and a € H,(X). 

Now we can extend these operators to BI(X): for any i ^TL and a € H,(X) define 
operators 

:M.(X) ^H.(X) 

acting on every summand H,(A1^'^^(n)) with -P^ [i]. 

4. Main Theorem 

Now we want to study the commutation relations between the operators we 
constructed. In particular we want to prove the following result: 

Theorem 14. For any i,j 1^,0, f3 ^ H,(X) the following holds: 

[Pa[^,PM = (-l)""Vi5,+j,o < a,/3 > id 

This provides a representation of the Heisenberg algebra generated by ^o[«]/(-i)'^'"V 
and Pg[j] on m{X). 

The first step to get this result is the following: 

Proposition 15. There exist constants Cr^i^n such that for any v € H,(A^^'^^(n)) we 
have: 

[Pa\i], Pl3\j]]v = Cr,i,nSi+j,0 < a, ^ > V 

A proof of this proposition may be given directly by investigating the cycles "■^ [i]P^ [j] 

and P^~*b]PQ [i] in -^.^x D^''^~^~ 3) ^ ^"^^ observing that they act in the same 

way whenever i ^ j, while when i = j they differ by a constant times the intersection 
product of the cycles; in |17j one can find the details of this proof for the case when 
r = 1, i.e. the Hilbert scheme of points, and this directly generalize to our case. 
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Lemma 16. The constants Cr^i^n of the previous proposition are independent ofn. (And 
so, from now on we shall denote them simply by Cr^i) 

Proof. Let i, k € Z he such that k ^ ±i, a,/3,7 € H,(X) and v G H,(A4^'^^(n)). Since 
[k] V e H, {M'^jj {n-k)),we get 

[P^[k],[Pa[i],P^[-i]]]v = P^[k][PMP^[-i]]v-[PMP^H]]P^[k]v = 

But k ±i, hence [-P7[fc], [-Pa[«], -P^sb]]] = 0, and we can choose a, /3,7, fc, f so that 
< a, /? and P^[k]v / 0. 

So Cr^i^n = Cr,i,n+k'-, for i 7^ 0, we Can take k = 1 and have Cr.,j,n = Cr^i^n+i that implies 
the thesis; for z = 1 taking A; = 2,3 we have that Cr-,i,n = Cr,i,n+2 = C7.,i,n+3; and again 
we have the thesis. □ 

5. Calculation of constants 

In this section we compute expHcitly the constants Cr^- following Grojnowski and 
Nakajima, we find an isomorphism of the algebra of symmetric functions with some 
subspaces of EI,(X), such that the Newton polynomials correspond to the Nakajima op- 
erators -P[c][^] foi' some smooth connected curves C C X, C 7^ D. In the following section 
we recall some facts about the algebra of symmetric functions (for more informations 
see chapter one in |16J). 

Notations: We use two different conventions for /x partition of a natural number k: 
if we write /i = (/ii, . . . , ^t) we mean that Yla t^a = k and assume that fia > /^a+i > 0; 
moreover we call length of the partition the natural number t. If we write /i = 
(1™S • • • ) A;™'*=) we mean that mi = #{a \ j-ia = I}- 

Symmetric Functions. We call algebra of symmetric polynomial in N variables the 
subspace Ajv of C[xi, . . . , xat] stable by the action of the iV-th group of permutations 
(Tiv- We have that Aat is a graded ring: 

n 

where A^ is the ring of homogeneous symmetric polynomials in N variables of degree n 
(together with the zero polynomial). 

For any M > N we have morphisms pMN ■ -^M ^ mapping the variables 
xn+1, ■ ■ ■ ,xm to zero. Moreover the morphisms pmn preserve the grading, hence we 
can define /O^^ : A^^ A^; this allows us to define 

A" := limA^ 

N 
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and the algebra of symmetric functions in infinitely many variables as 

A:=0A". 

n 

Now we want to define a basis for A, to do this we start by defining a basis in Ajv- 
Let fi = {ni, . . . , nt) be a partition with t < N, we define the polynomial 

m^(xi,...,XAr) = ^ xl^---x'^j^ 

rGo-jv (m) 

where we set fij = for j = t + 1, . . . , N . The polynomial is symmetric, moreover 
the set of all 171^ for all the partitions n with |//| < is a basis of A^v- If we consider 
the set of all for all the partitions /x with < AT and J2i Mi = ^) then this set is a 
basis of A^. 

Since for M > N > t we have /9^^(m^(xi, . . . , xm)) = 'mnixi, ■ ■ ■ ,xn), by using 
the definition of inverse limit we can define the monomial symmetric functions m/^. By 
varying /j, partition of n, these polynomials form a basis for A". 

Now we want do define particular families of symmetric functions. Let n G N, n > 1, 
we define the elementary symmetric function e„ as 

Cn = m(in) = Xi^ . . . Xi^ 

il<...<in 

and we put cq = 1. For /i = (/^i, . . . , nt) partition, we set = e^^^e^j ■ ■ - ^nt'i 
prove that the set {e^}^ is a basis of A. 

The generating function for the sequence {en}neN is 

oo oo 
E{z) = J2enZ'' = l[{l + XiZ). 
n=0 i=l 

Next, the n-th complete symmetric function is hn = Yl\i/\=n''^'^- Since we have the 
formal power series 

= l + XiZ + xfz^ + ... 

1 — XiZ 

the sequence {/injneN has generating function 

oo oo ^ 

In particular we have E{z)H{—z) = 1. 

Finally, the n-th Newton polynomial pn is Pn = ^{n) = X^i^i Its generating 
function is 

oo oo 
n=l n,i=l j=l 
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Hence we have the formulas: 



(3) 



H{z) = exp(|p(z))=exp(^f;^^, 



E{z) 



\n=0 



To conclude this section, we state the following lemma: 
Lemma 17. For any i we have 

V 

where the summation is over partitions v of + i which are obtained as follows: add 
i to a term in fJ.,say pj (possibly zero), and then arrange it in descending order. The 
coefficient a^y is #{/ | B/c s.t. vi = pLk + i} ■ 

Computation of Cr^i. We need to introduce some subvarieties of our moduli spaces: 
let C be a smooth connected curve m. X, C ^ D, s,k ^ N; set 



LUsr=\j'={F,<t^^)^M\'^^{s + k) 

SUpp(^^/F) C C. 

and L^{s) its closure in M^xD^^ ~^ A* partition of A;, set 



• T C Ti for some H G A^^'^^(s), 

• h/f is an Artin sheaf of length k, 



J^={F,<l^^)eM'£j,{s + k) 



and L^[s) its closure in A^^^^(s + A;). 

Now let g = {G, (tf) £ M'x%{r, c, s) and set 

LUQr = [:F={F,<t^^)eM'£j,{s + k) 



F dH iov some % G A^^^^(s), 
supp('H'/f) = {xi, . . . , C C, 
length^^ (^^/f) = for a = 1, 2, t ^ 



• SUpp(G/F) C C. 

and L(j{g) its closure in M^xoi^ + partition of /c set 



L^ci^r = lT={FA^)€M'£j,{s + k) 



j-vv ^ 

supp(G/f) = {xi,. . . ,xt} <Z C, 
length^^(G/F) = Ha for a = 1,2,..., t. 



and L'^iG) its closure. 

The first result we have is similar to that of proposition 4.5 in [3]: 
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Proposition 18. The irreducible components of L^{s) are the closed subvarieties L^{s) 
for /i a partition of k, each of which has dimension 2rs + rk. 

For any Q € A^^^(r, c, s), the irreducible components of L^{Q) are the closed subva- 
rieties L^{Q), for jjL a partition of k, each of which has dimension rk. 



Now we remark the following: let a = [C] G H2{X) and consider the corresponding 
operator 

P[C] [-i] : H,(A^5^';^(n)) ^ l^.+^riiM^l^in + i)) 

we have that the subspace of ]HI(X) of middle degrees, i.e. ©„ H2r-n(-^x^£) ("•)), is pre- 
served by the action of i]. 

Moreover, since P\^(j^ [—i] 'changes the sheaves only at a point of C adding i to the length 
of a zero-dimensional quotient', if is a partition of k we have that -P[c] [— [-Z^c'(^)] ^ 
H2r(fc+i)(-^c^*(^))j the next proposition calculates the coefficients of this element with 
respect to the basis of 'R2r(k+i){Li^^ {Q)) consisting of the classes of the irreducible com- 
ponents of L^(^\Q). 

Proposition 19. For any s,k € 'N, fj. a partition of k, C ^ X smooth connected curve, 
C ^ D, the following holds: 

V partition of |/-t|+i 



where the constants a^p are the same as in lemma i? 



For any Q £ TWx.dC?^, c, s) we get 



V partition of | | +i 



with the same constants a^y. 



The proof of this proposition is given in section El 

Let [vac\ be the class of the point Q and [^^4(7] the fundamental class of AA^^j^{s). 
Let L{Q) (resp. L{s)) be the subspaces of ]HI(X) generated by the classes [Lq{Q)\ and 
[vac\ (resp. [L^(s)] and [^740]). We define a C-linear isomorphism from L{Q) (resp. 
L(s)) onto the algebra A of symmetric functions in infinitely many variables, sending 
[vac] (resp. [FvlC]) to 1 € A and [-^^c'(^)] (^^^P- [-^c(^)]) monomial symmetric 

function m^. 

By proposition [T9l the Nakajima operator P^^j [—i] corresponds under this isomor- 
phism to multiplication by the i-th Newton function pi E A. 
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By this isomorphism, the elementary symmetric function e„ corresponds to [L^, (Q)] 



(resp. [Lfj (s)]) and the equation [3] gives the following equalities: 
(4) t^'lLP(s)] = e^{±;^)lVAC]. 



n=0 



(5) E ^""iL'i'm = exp ( y: ] [-«^] • 



n=0 



Now we need the following proposition, whose proof will be given in section [71 

Proposition 20. Let L be a very ample divisor in X. Let C and C he two smooth 
connected curves different from D, such that C Ci C D D = 0. Assume that C and C 
meets trasversally and are in \L\. Then the following holds: 

oo 



^z^- < [LPiG)], [L^is]] >= (1 - i-lY,y<icUC"]> 

n=0 



We can finally conclude the proof of theorem [T^ via the same computations of the 
proof of theorem 4.1 in p]: 

Proposition 21. The constants Cr^i of proposition [75l satisfy 
Proof. For any C smooth connected curve in X, C 7^ -D, set 



Since P\p^ [i] is the adjoint to P[c] with respect to the intersection product on 
H(X), C-(-(z) is the adjoint to C_(z) (with respect to the intersection product extended 
by linearity to power series). 

Now, by proposition [20] and formulas [D and [5] we have the equalities 

(1 _ (_i)^,2)<[c],[c']> ^ ^,2„<[^a")(^)^4i;)(,)]>^ 



n=0 

00 



n=0 n=0 

< exp(C_(z))[mc],exp(CL(z))[y^C7] >= 

< exp(C;(z))exp(C_(z))[t'ac], ^ AC\ >= 

< exp(C_(z)) [exp(-adC_(z))) (exp(C7^(z)))] [vac],[VAC] > 
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where the last equality follows from the general equality between operators exp{—A)B exp{A) = 
exp{-adA){B) (we put A = C-{z) and B = exp(C+(z)). 

An explicit computation shows that 

[C_(z),exp(C;(z))] = -Hz)eMC'+{z)) 

with $(z) = J2n=o ^ <[C], [C] > ^2"; from this and the fact that exp(-ad^)(S) = 
1 — adA{B) + . . . one gets that 

exp ( -ad C_(2;))) (exp(C(i+(z))) = exp($(z)) exp(C(i+(z)), 

and so 

(1 - (-l)''z2)<[^]'P"]> = exp($(z)) < exp(C7_(z))exp(C;(z))[t;ac], [VAC] >= 

= exp($(z)) < ex.p{C^{z))[vac], [VAC] >= 
= exp(<I>(2;)). 

where the second of this equalities follows from the fact that since i > 0, P[c'] [i] [vac] = 0, 
while the last follows from the fact that every -P[c][— i] maps [vac] in the orthogonal 
complement of [FAC]. 

So finally we get 

oo 

r<[C], [C] > log(l - i-iyz') = ^ ^ < [C], [C] > z'^ 

n=l 

from which, developing in power series the left hand side, we get Cr^n = (— l)^"~^?"n, that 
is the thesis. □ 



6. Proof of proposition [TS] 

Now we want to give a proof of proposition 1191 we explain how to do with L^(^), the 
case of Lq{s) is analogous. 

First of all we need the following lemma: 

Lemma 22. Let X be a partition of k. For T generic in Lq{Q) (i.e. in a open dense 
subset), around each xj point of the support of^/p exist coordinates {r]j,Cj) such that 

Proof It follows from the first paragraph of section 5 in [3]. □ 

As we have already seen, P^cj [—i]i[L'^{G)]) is an element of maximal degree in H,{L^^{G)). 
Since L'^{Q) are the irreducible components ofL^"^*(^) for partition oik+i, P[(j^[—i]{[L(j{G)]) 
decomposes as a sum Y^^bf_ti,[L'^iG)] for some coefficients b^i/. 
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Put n = k + s. To compute the coefficients b^^, consider the intersection 
where the projection morphisms are: 




We prove the proposition: 

Proposition 23. Let G L^(^),J^i G ^c(^) such that {Fi,F2) G P[c]^-i] is 

a smooth point and such that they are generic in the sense of lemma Then the 
intersection of the tangent spaces 

is isomorphic via pn+i * to the tangent space Tjr^L'^{Q). 



This result imphes that the coefficients h^y may be computed by counting the number 
of points in a generic fiber of the morphism 

Fix a generic (in the sense of lemma [22]) ^2 G L'^{Q) such that the quotient sheaf 
A2 = '^/e2 is of the form stated in lemma [22l For a generic framed sheaf £1 € L'^iQ) 
such that {£i,£2) G -P[c][~'^] the quotient Ai = '^/Ei satisfy the equality (^i)zi = '^^1 
with = Vi for all i except for exactly one io; for which /ij^ = — i. So the number of 
generic £1 € L^{Q) such that {£i,£2) G i^[c][~^] is exactly a^y, thus b^y = a^y. 

To prove proposition [23] we need to give a description of the tangent spaces to L'^iQ) 
and P[c][-i]- 

Tangent to L^{Q). Let A be a partition of k. Fix T = {F,(j)^) € L^{Q). Remark 
that since J-'^^ = G, the framing (p^ is just the composition of the inclusion F ^ G 
with the framing (jP Q. So the deformations of J- in L^{G) (that in general would 
be deformations of F and cp^) are uniquely determined by deformations of the sheaf F 
with respect to the functor ^(L^(Cy)), where ^ is the 'framing-forgetting' morphism 
of functors M^j^jj{n) — )• ,y, where ^ is the controvariant functor from the category of 
schemes to the category of sets that associates to every scheme S the set consisting of 
isomorphism classes of flat families of torsion free sheaves over X parametrized by 5*. 



The deformations of the sheaf F have been studied in [3], here we recall that study. 
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First note that the functor ^ {L'^{Q)) is a subfunctor of the Quot-scheme functor 
Quot^{G,\\\). It is well known that deformations at a point F in Quotx{G,\\\) are 
parametrized by Hom(F, A), where A = ^/f, that can be seen as a subspace of Ext^(F, F) 
via the connection morphism that comes applying the left-exact functor Hom(F, •) to 
the short exact sequence 0— t-F^G— )-^^0. 

Now, for T = {F,(f)^) G Lq{Q) we have the decomposition A = ^jAj with Aj 
a skyscraper sheaf, supported at xj G C of length A^-: this gives a decomposition 
Hom(F, ^4) = Hom(F, Aj). If we assume that J- is generic, around each xj we have 
a neighborhood in which we have an inclusion G{—XjC) ^ F such that the diagram 

(6) G(-A,C)C ^F 

G(-A,C)c ^ G 

commutes; it turns out that deformations of F with respect to ^{L^{Q)) are the one 
that preserves these diagrams. Now with deformation theory and diagram chasing one 
can prove 

Proposition 24. The set of deformations of a sheaf F with respect to the functor 
J^{Lq{Q)) that preserve the diagram\B\ are parametrized by 

©--(^■(f)J- 



So the tangent space of L^iG) at a generic framed sheaf J- is 



Remark that this is a subspace of Ext^(F, F{-D)) via 



) -^^^ME,A) = }iom{E,A{-D)) ^Ext\F,F{-D)). 



Tangent to P^^^[-i]. We recall that P^][-i] is the subset of M'^£^{n + i) x M'^x,D^ 
consisting of pairs (/"i, J-2) such that 

(a) J-i^v ^ J-2^V; 

(b) Fi C F2; 

(c) supp(^2/Fi) = {x} with X G C and length (^2/_Pi) = i. 



n) 



20 



FRANCESCO SALA AND PIETRO TORTELLA 



Condition (a) implies that the framing (f)^^ of Fi is uniquely determined by the inclusion 
morphism and by the framing on i^2- So the deformations of (J^i, ^^2) are one to one with 
triples {F[, F2, 4>') where F^ is a deformation of Fa for a = 1,2 and cp' is a deformation 
of the framing (f>^^. Moreover, note both pairs {F[,(j)') and {F2,(t>') defines deformations 
of J^i and T2, hence define elements of Ext^(Fi, Z?)) and Ext^{F2,F2{—D)) respec- 
tively. 

The pair {F^, F2) is a deformation of (^1,^2) with respect to the functor ^{P^^ [~^])- 
This kind of deformations are studied by Baranovsky in [3], here we recall his study. 

Conditions (b) and (c) are equivalent to having in a neighborhood of x the commu- 
tative diagram 

F2i-iC)^ -Fi 

pi 

F2{-iC)^ -F2 

where the lower arrow is the multiplication by i times a generator of the curve C. So 
a deformation of (^1,^2) with respect to ^{P^^[—i]) is a pair of sheaves {F[,F2) over 

X X Spec ("CM/e^), flat over Spec ('CM/e^'), with fibers over the closed point isomorphic 
respectively to Fi and F2 satisfying the following conditions: 

(i) there is an inclusion F[ ^ F2', 

(ii) in a neighborhood of x we have an inclusion F2{—iC) ^ F[; 

(iii) in this same neighborhood we have a commutative diagram 

(7) F^{-iC)^^F[ 

F^{-iC)^ -F^ 

where the lower arrow is the multiplication by i times a generator of the curve 
C. 

Recall that for a = 1,2, the sheaves F^ fit in an exact sequence 

O^Fa^F^^Fa^O 

that corresponds to an element Va G Ext^(Fa,Fa). By diagram chasing, we get that 
condition (i) is equivalent to the fact that the images of vi and V2 in Fjxt^{Fi, F2) 
coincide. 

Condition (ii) may be treated in the same way: first of all notice that V2 G Ext^(i*2, i*2) 
defines an element V2 G Ext^(i<2(— ^C), -F2(— ^C)). One can prove that condition (ii) is 
equivalent to the fact that the images of vi and V2 in Ext^(F2(— iC), Fi) coincide. 
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Finally we come to condition (iii). Assume that {Fl,F2) satisfies conditions (i) and 
(ii) and label the morphisms: 

p : F^i-iC) ^ Fi, a : F^(-iC) ^ 

and p the composition of p with the inclusion F[ — ?• F!^. This allows us to define a 
morphism r : F2{—iC) — )• Fi that keeps track of the commutativity of the diagram [TJ 
i.e. such that r vanish if and only if condition (iii) holds. 

These three facts completely describe the deformations of pairs of sheaves {Fi,F2). 
So the tangent of Pj^j[— z] at point (^1,^2) is parametrized by pairs 

{VUV2) € Ext^(Fi,Fi) eExt^(F2,F2) 

such that the corresponding extensions satisfy conditions (i), (ii) and (iii) and both 
Va G Ext\Fa,Fai-D)) for a = 1,2. 

Proof of proposition I23L Let w & W. By previous descriptions w = (^1,^2) € 
Ext^{Fi, Fi{—D)) Q) Ext^{F2, F2{—D)) is such that the corresponding extensions sat- 
isfy conditions (i), (ii) and (iii) and moreover V2 € ©j=i Hom (^ Q(^f^.c) 1 {^2)xj^, where 
^2 = ^/f2- We want to prove that vi G Tjr-^^L^(-,{Q) and that f 1 = only if V2 = 0. 

Since Ti'^ = J-2'^ = Q, we have that vi is an element of Hom(Fi, Ai), where Ai is the 
quotient sheaf G'/Fi. We need to prove that actually vi G ©j=i Hom (^-qj-z^-q^) {^ijx-^ ■ 

Using the inclusion morphism from Fa to its double dual G, for a = 1,2, and the 
inclusion morphism Fi F2, we get the commutative diagram 

(8) Hom(Fi, Ai) Exti(Fi,Fi) 

Hom(Fi,yl2) ^ Exti(Fi,F2) 

Hom(F2,^2) ^ Ext^(F2,F2) 

Lemma 25. The horizontal arrows of the previous diagram are infective morphisms. 

Proof. Consider the first row: it comes from the exact sequence 

^ Hom(Fi, Fi) ^ Hom(Fi, G) ^ Hom(Fi, Ai) ^ Ext^(Fi, Fi) 

It suffices to show that the first arrow is an isomorphism, but it is trivial because 
by lemma [6] we have Hom(Fi,Fi) = End(C^') = Hom(Fi,G). By applying the same 
argument to the other arrows, we get the thesis. □ 
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By condition (ii) the images of vi and V2 in Ext^(Fi, F2) coincide. Since the diagram[S] 
commutes and the second horizontal arrow is injective, the images of vi and V2 actually 
coincide in Hom(Fi, ^2)- Recall that the sheaves Ai and A2 are supported at points and 
differ only at x, so we can decompose Ai and A2 in the following way: 



A, 



Ao 



B2 



where -61,-62 are sheaves supported in x, and length(-Bi) — length(-B2) 
B2 may be zero) . So we can decompose the morphisms vi , V2 in 



i (remark that 



Vl 



^1, 



I Ul 



V2 



^ V2,j © U2 



where Vaj : (-Fa) 



Ax, and Ua ■ {Fa)x Ba for a = 1, 2. Since the images of vi,V2 in 



Hom(.Fi, ^2) coincide and Fi differs from F2 only at x, we have that vij = V2j- Moreover 
at each point Xj the morphism V2j factors through ^2/G(-/ijC), so vij factors through 
^i/g{-!/jC); so it remains to show only that ui factors through P^/G{-UjgC) knowing that 
U2 factors through ^^/Gi-iijgC), and i^Jq = fij^ + i. Recall that in a neighborhood of x we 
have an inclusion morphism F2{—iC) ^ Fi: this induces a diagram similar toO 

Rom{F2{-iC),A2i-iC)) E^t\F2{-iC), F2{-iC)) 



Rom{F2{-iC),Ai) 



Hom(Fi,Ai) 



Exti(F2(-iC),Fi) 



Exti(Fi,Fi) 



with injective horizontal arrows. Condition (ii) assures that the images of V2,vi in 
Hom(F2(— iC), ^1) coincide, hence it follows that vi factors through ^i/ci-Uj^c) with 

Now assume that vi = 0, we want to show that this implies that V2 = 0. From the 
commutativity of diagram [7] we get the commutativity of the diagram 



F2i-iC) 



V2 



Vl 



A2{-iC) 



Ai 



The upper horizontal arrow in this diagram is injective by hypothesis and this implies 
that the lower one is injective too. Now from the fact that vi = follows that €2 = 0, 
hence ^2 = and this concludes the proof of proposition [TUl 
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In this section we provide a proof of proposition [20l to achieve this, we compute the 
intersection number of the fundamental classes of the cycles Lq, (s) and (Q) in 

First note that any framed sheaf J- in (Q) corresponds to the kernel of a compo- 
sition 

where A is an Artin sheaf of length n supported on C. Thus Lq (Q) is isomorphic 
to QuotQ^Glc), that is the Quot scheme that parametrizes the length n Artin quotient 
sheaves of G|c- 

Let X ■ G\c — 7> ^ be an element in Quot'(^{G\c)- Denote by Fi the kernel of x (note 
that it is a locally free sheaf). By Serre's duality we have 

Ext^(Fi,^) = Rom{A(^F^,ujc) ='ii^{C,A(^F^) 

and }1^{C,A'S)F^) = because j4 is a zero-dimensional sheaf, hence by proposition 2.2.8 
of [13] we get that Quot(ij{G\c) is smooth at the point A. Thus Lj-^ (Q) is smooth. 

Moreover there exists an open subset Ljj, (s)* in L^, (s) isomorphic to a fiber bundle 
over 7V4^£,(r, c, s) with fibers \t-L) for Ti G A^^^(r, c, s). 

Finally we observe that (Q) does not intersect L^, (s)\L^, (s)* because for any 
T G Lq (t?) the length of the Artin sheaf jp is equal to n while, on the other hand, 
if -F G L^p{s) \ L^P^s)', then length (^""/f) > n + 1. 

Now we compute the intersection in the case where X = CP^ and C, C are two 
distinct lines intersecting at x ^ Z?; at the end of the section we explain how the general 
case follows from this. 



X = CP^ C,C" distinct lines. Let F = {F,(t>^) G L''c"\g) n ^^^"^(s); then 7"^^ ^ G, 
the quotient G'/f is of length n and supported on both G and C, hence it is supported 
only at x; moreover {'^/f)^ is a vector space of dimension n, and it is a quotient of 
Gx, wich is an r-dimensional vector space. So the intersection (G) n L^, (s) is 
parametrized by the n-dimensional quotients of Gx, i.e. by the Grassmann variety 
Gr{Gx,n) (in particular we observe that if n > r the intersection is empty). 
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Now L(j {Q) and Lq, (s) have complementary dimension in M^-^ j~,[s + n), but their 
set-theoretic intersection has positive dimension; however we are deahng with this situ- 
ation: 

Gr(G,,n)^^Lg:)(s) 



where i is a regular imbedding of codimension Irs ^rn^h and j is a regular imbedding 
of codimension 2rs -|- -|- 6 by theorem Yl .VIA. in [12]. Thus we can apply the excess 
intersection formula (see chapter 6 in [10]) to get 

(9) i*0Pm ■ ML^c>\s)] = /i*(c„(._„)(F) n [GriG,,n)]) 

where 



is a locally free sheaf of rank n(r — n). It is called excess bundle. 
The vector bundle V arises also from the following exact sequence 

TGriG^,n) 9*T^'-P (Q) ® ^*'^lP (s) ^*^M-o(n+s) V 

Using this sequence, we obtain the following relation among the full Chern classes of 
the tangent bundles: 

(10) c F = V-TT^ T 

Remark 26. For any pair of flat family of sheaves Fi and F2 on A4^j^j-){n -|- s) x CP^, 
we denote by £xtp{Fi, F2) the ith right derived functor of o T-Lom, where p is the 
projection from M.^^j^{n -|- s) x CP^ to A4^^j^{n + s). We denote by q the projection 
from M'^xj^{n + s) x CP^ to the other factor. If for all x G M'^xj^in + s) the global Ext 
group Ext*(p~"'^(x); -Fi, -F2) on the fiber p~'^{x) is of constant dimension, then one can 
prove that £xtp{F\,F2) is a vector bundle on M'-^d^''^ ^) "^hich has the global Ext 
group above as the fiber over point x (see [E]). Similar remarks apply to any closed 
subspace of Al^'^£,(n -|- s). 

First we prove the following technical lemma: 

Lemma 27. Let {F,(j)^) be a framed sheaf on X. Then Ext^^F^^, ^(-1))) = for 
j = 0,2. 
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Proof. Consider the short exact sequence — ?> F — > A ^ and apply the functor 

Hom(F'^^, •), we get 

^ Hom(F^^, F(-L>)) ^ Hom(F^^, F^^(-L>)) ^ Hom(F^^, ^(--D)) 
^ Exti(F^^,F(-D)) ^ Exti(F^^,F^^(-D)) ^ Ext^F'^'^ , A{- D)) 

Ext2(F^v,F(-Z))) ^Ext2(F^^,F^V(-Z))) ^Ext2(F^v,A(-L>)) ^0 

Since ^ is zero-dimensional, we have Ext*(-F^^, 74(— D)) = for i = 1,2, hence 
Ext^ (F^v , F(-F))) ^ Ext^ (F^v , F^^ . By lemma[7]we get Ext^' (F^^ , F^^ (-D)) = 
for j = 0, 2, hence we get the thesis. □ 

Let £ = {E,(j)^) be the universal family on 7W^^^(n + s) x CP^. Recall that the 
tangent bundle to M'^^D^n + s) is £xt^{E,E® q*Ocp2{-D)). 

We have the following result for the sheaf h*£xtp{E, E (g) q*0cp2{—D)). 

Lemma 28. Let Q be the universal quotient bundle on the Grassmann variety Gr{Gx,n). 
Then the full Chern class of h*£xtp{E, E(S'q*0cp2{—D)) is equal to {c{Q)c{Q'^)Y , where 
c{Q) (resp. c{Q'^)) is the full Chern class of Q (resp. of its dual). 

Proof. Let £ = (h x 16.^^2)* £; then by universal property we get 

£\{A}xCV'^ — ^ 

where F is the kernel of the composition morphism G — > Gx — > A for A € Gr{Gx,n) 
and the framed sheaf F is F with the framing induced by inclusion to G. 

We denote by Ix the ideal sheaf of x and by the quotient sheaf ^x/i^. Recall 
that the inclusion morphism from a torsion free sheaf on X in its double dual sheaf 
induces a short exact sequence of sheaves on X; using the universal sheaf £ one can give 
a 'universal version' of this exact sequence and obtain an exact sequence of sheaves on 
Gr{Gx,n) x CP^: 

(11) — y E ^ q*G ^ B — ^0 

where B = p*Q^q*Cx (we denote by ^3 and q the projection morphisms from Gr{Gx,n) x 
CP^ to the first factor and the second factor respectively). 

We want to compute the full Chern class of the sheaf 

h*£xtl{E, E q*Ocp2 i-D)) ^ £xtl{E, E q*OcF'^ {-D)) 

Applying the functor T-lomp{-,E (g) g*Ocp2(— F*)) to the exact sequence [TT| we obtain 
a long exact sequence of sheaves on the Grassmann variety: 

£xtl{B, E (g) q*0„2{-D)) £xtl{q*G, E ® q*0cp2{-D)) 

£xtl{E, E (g) q*0cp2 {-D)) £xtl{B, E (g q*Ocp2 {-D)) 
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Indeed, the sheaf Homp^E, E (g) g*0cp2 {—D)) is zero since its fiber over A € Gr{Gx,n) 
is Hom(F, F(-L')), that vanishes by lemma[71 The sheaf £xt'^{q*G, E (g) q*Ocp2{-D)) is 
zero because its fiber Ext'^{G, F{-D)) over any point A of the Grassmann variety, that 
it is zero by lemma [271 

Thus the full Chern class of £xtp{E,E (g) g*Ocp2(— D)) is equal to: 

cjSxtliB, E q*0„2{-D)))c{£xtl{q*G, E q*0„2 j-D))) 
c{£xtl{B,E^q*0„2{-D))) 

Now we compute the three terms in the formula above. 

To compute c{£xtp{q*G, E ® q*0Qp2{—D))), first we tensor the exact sequence [IT] by 
the invertible sheaf q*0£p2{—D) and then apply the functor T-Lomp(q*G, •). We get 

nomp{q*G, q*G0 q*Ocp2 {-D)) 'Homp{q*G, B ® q*Ocp2 {-D)) 

£xtl{q*G, E q*0„2{-D)) £xtl{q*G, q*G(g) q*0„2 {-D)) 

The fiber over A G Gr{Gx,n) of the sheaf 'Homp{q*G,E (g) q*0£p2{—D)) is equal to 
Hom(G, F{—D)), that vanishes by lemma[271 Thus the sheaf 'Homp{q*G, E®q*0£f>2{—D)) 
is zero. 

The sheaf £xtp{q*G, -B(8)g*Ocp2(— is zero, because its fiber over A € Gr{Gx,n) is 
H1(CP2,GV®A(-L>)) = 0. Moreover, thesheaf£xtl{q*G,q*G(g)q*0cp2{-D)) is a trivial 
vector bundle, because its fiber over all the points of Gr{Gx,n) is Ext^(G, G(— D)). 

Thus 

c{£xtl{q*G, E (g) q*0„2 {-D))) = c{'Homp{q*G, B ® q*Ocp2 {-D))) 
We have 

nomp{q*G, B (g) q*Ocp2 {-D)) ^ nomp{q*G, q* (C^ ® Ocp2 (-£>))) Q 
because Q is a locally free sheaf. 



Moreover the stalk of 7iom{q* G , q* {Cx ® 0£p2{—D))) is equal to iiom{Gx,Cx 
over the points {A,x) G Gr{Gx,n) x CP^ and it is equal to zero over the points {A,y) 
with y ^ X. Thus the sheaf 'Homp{q*G, q* (C^ (g Ocp^ is the constant sheaf C on 

GriGx,n). 

Thus 

c{nomp{q*G, B (g q*0cp2{-D))) = (g Q) = c{Qy 

Following Baranovsky's computations in the proof of lemma 6.1 in [3], we get 
c{£xtl{B, E (g q*0„2 i-D))) = c{nomp{B, B q*Ocp2 {-D))) = c{Q^ ^ Q) 
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and 

c{£xtl{B, E ® q*0„2 i-D))) = c(g^ Q)c{Q''Y 



Summing up the results of our computation, we get 

Q)c{Q 
ciQ'' Q) 



□ 



By this lemma we get 

c(rT^jc^(„+,)) = cih*£xtliE,E0 q*0„2{-D))) = HQ^^HQW 

A similar approach can be used with T (i^) and T (in) (as sheaves on Gr(Gx-,n) x 
C and on Gr{Gx,n) x C'). We obtain the following result: 

Lemma 29. Let Q be the universal quotient bundle on the Grassmann variety Gr{Gx,n). 
Then 



Proof. Note that we can consider '{Q) (resp. L^, (s)*) as a variety that parametrizes 
Artin quotient of G|c on C of length n (resp. Artin quotient of G'\c' on C of length 
n, where Q' G A^^^(r, c, s)). From this point of view, we can use the same result of 
Baranovsky (see lemma 6.2 in [3]) and get the thesis. □ 

Let S be the universal subbundle on the Grassmann variety Gr{Gx,n). Recall that 
'^Gr{Gx,n) — S'^ ^ Q. Now using formula dni we get 

{c{Q'')c{Q)Yc{S'' Q) c(QV)V(5v ® Q) 



c{V) 



c{QY^ c{Qy 



Since c{QY = c{S^ Q)c{Q^ Q) and c{Q^Y = c{S (g) Q^)c(Q ® Q^), we obtain 

_ (c(Q^)c(g^ g) _ c(S^ Q)c(5 Q^)c(Q^ ^ Q) _ .^^^v, 
^(Or " c(5V Q)c(Qv ^ Q) -c(^®g ) 

The vector bundle S <0 Q"^ is the cotangent bundle on the Grassmann variety, hence 
we have 

iCnir-n)iV) H [Gr(G,,n)]) = (-1)«('— ) / C„(r-n)(TG.(G.,n)) 

iGr(Ga;,n) 

and therefore 

i^LPm ■ MlPIs)] = (-ir('-")x(Gr(G.,n)) = (-1)^'^^'^" 
where we denote by x{Gr{Gx,n)) the topological Euler characteristic of Gr{Gx,n). 
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General case. Recall that by hypothesis, C r\C' r\ D = %. Now C and C intersects in 
q points xi,X2, ... ,Xq. Put Oj = (-l)^*""^^* Q • 

The intersection between Lq {Q) and L^j, (s) is, set-theoretically, the set of framed 
sheaves J- such that J-^'^ = and the length of the quotient sheaf A := c/f is n. Note 
that A is a quotient of Gx- 

Consider a subdivision v = {vi,V2, . . . , Vq) of n, i.e. an ordered q-pla of non-negative 
integers vi,. . . ,Vq such that = n. Let x = Yli ^A^i] be a cycle with Xj G C R C". 

Let Wy be the subset of (^) n L^, (s) formed by all framed sheaves F that are 
kernels of morphisms G ^ A, where A is an Artin sheaf supported at the cycle x. Thus 
Wy is isomorphic to a products of a Grassmanians Ha; ecnc Gr{Gx^,Vi), hence it is a 
irreducible closed subset of L)j {Q) n L^, (s) (note that VFi, does not dipend from the 
fixed cycle x but only from the subdivision). 

Moreover, by definition of W^, follows 

Lg")(^)nLg:)(.)= u 

V subdivision 

and therefore the subsets Wy are the irreducible components of \Q) n L^, (s). To 
each Wy we can associate a excess bundle ^ as before. 

Since all sheaves split into direct products over the individual Grassmanians, we get 
that V is direct sum of the excess bundles associates to each individual Grassmanian. 
Thus the top Chern class of V is equal to the product a^^ - ■ ■ a^^ . 

By lemma 7.1 (a) and by definition 6.1.2 in [10], to get the intersection number between 
L\i '{g) and L'^, '(s) we need to sum up the products a^^ ■ ■ ■ a^^ over all subdivisions 

= (vi, 1^2, ■ ■ ■ , T^q) of n. By a combinatorial argument and using the binomial formula, 
we get 

oo 
n=0 
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